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MANIFOLDS WITH ALMOST CONTACT 3-STRUCTURE
AND METRICS OF HERMITIAN-NORDEN TYPE
MANCHO MANEV
Dedicated to Professor Georgi Ganchev on his seventieth birthday
Abstract. It is introduced a differentiable manifold with almost contact 3-
structure which consists of an almost contact metric structure and two almost
contact B-metric structures. The product of this manifold and a real line is an
almost hypercomplex manifold with Hermitian-Norden metrics. It is proven
that the introduced manifold of cosymplectic type is flat. Some examples of
the studied manifolds are given.
1. Introduction
The notion of almost contact 3-structure is introduced by Y.Y. Kuo in [11] and
independently under the name almost coquaternion structure by C. Udris¸te in [20].
Later, it is studied by several authors. It is well known that the product of a mani-
fold with almost contact 3-structure and a real line admits an almost hypercomplex
structure (also known as an almost quaternion structure) (cf. [11, 1]).
All authors previously considered the case when there exists a Riemannian metric
compatible with each of the three structures in the given almost contact 3-structure.
Then the object of study is the so-called almost contact metric 3-structure.
In the present work, on a (4n + 3)-dimensional manifold with almost contact
3-structure we introduce a pseudo-Riemannian metric which has another kind of
compatibility with the triad of almost contact structures. The product of this
manifold of new type and a real line is a (4n+4)-dimensional manifold which admits
an almost hypercomplex structure (J1, J2, J3) and a Hermitian-Norden metric. In
our case, one of the almost complex structures (resp., the other two almost complex
structures) of (J1, J2, J3) acts as an isometry (resp., act as anti-isometries) with
respect to the pseudo-Riemannian metric G of neutral signature in each tangent
fibre. The metric G is Hermitian with respect to the former structure of (J1, J2, J3)
and G is a Norden metric (also known as an anti-Hermitian metric) regarding the
latter structures of (J1, J2, J3). This structure is called an almost hypercomplex
HN-metric structure (HN stands for Hermitian-Norden) and it is studied in [8, 12,
14, 15], etc.
The goal of this paper is to launch a study of the manifolds with almost contact
3-structure and metrics of an HN-type.
Convention. LetM be an almost contact manifold andM×R be the correspond-
ing almost complex manifold.
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(i) We shall use x, y, z, . . . to denote smooth vector fields onM, i.e. x, y, z ∈
X(M), or vectors in the tangent space TpM at p ∈ M;
(ii) We shall use X , Y , Z, . . . to denote smooth vector fields on M× R or
tangent vectors in Tp¯(M× R) at p¯ ∈M× R.
Acknowledgments. This work was partially supported by project NI15-FMI-004
of the Scientific Research Fund at the University of Plovdiv. The author wishes to
thank Professor Stefan Ivanov for valuable discussions about the present paper.
2. Almost contact metric manifolds
Let M be an odd-dimensional smooth manifold which is compatible with an
almost contact structure (ϕ1, ξ1, η1), i.e. ϕ1 is an endomorphism of the tangent
bundle, ξ1 is a Reeb vector field and η1 is its dual contact 1-form satisfying the
following identities:
(2.1) (ϕ1)
2 = −I + ξ1 ⊗ η1, ϕ1ξ1 = o, η1 ◦ ϕ1 = 0, η1(ξ1) = 1,
where I is the identity in the algebra X(M) and o is the zero element of X(M).
Moreover, let g be a pseudo-Riemannian metric on M which is compatible with
(ϕ1, ξ1, η1) as follows:
(2.2)
g(ξ1, ξ1) = −ε, η1(x) = −εg(ξ1, x),
g(ϕ1x, ϕ1y) = g(x, y) + εη1(x)η1(y),
where ε = +1 or ε = −1. Then (ϕ1, ξ1, η1, g) is called an almost contact metric
structure on M.
Usually, one can assume that ε = −1 in (2.2) without loss of generality. This is
conditioned since if we put ϕ¯1 = ϕ1, ξ¯1 = −ξ1, η¯1 = −η1, g¯ = −g, then (ϕ¯1, ξ¯1, η¯1, g¯)
for ε¯ = −ε is also an almost contact metric structure on M [19]. Here, we pay
attention of the case of ε = +1 which is in relation with our topic. We call the
corresponding (ϕ1, ξ1, η1, g)-structure an almost contact metric structure and g —
a compatible metric on M.
Since g is a Hermitian metric with respect to the almost complex structure
ϕ1|H1 on the contact distribution H1 = ker(η1), any metric with properties (2.2)
can be considered as an odd-dimensional counterpart of the corresponding pseudo-
Riemannian Hermitian metric, or this compatible metric is a pseudo-Riemannian
metric of Hermitian type on an odd-dimensional differentiable manifold.
A classification of the almost contact metric manifolds is given in [2]. There, it
is considered the vector space of the tensors of type (0, 3) defined by F1(x, y, z) =
g ((∇xϕ1) y, z), where ∇ is the Levi-Civita connection generated by g. They have
the following basic properties
(2.3)
F1(x, y, z) = −F1(x, z, y)
= −F1(x, ϕ1y, ϕ1z) + F1(x, ξ1, z) η1(y)
+ F1(x, y, ξ1) η1(z).
This vector space is decomposed in 12 orthogonal and invariant subspaces with
respect to the action of the structural group U (m)× 1, m = 12 (dimM− 1), where
U is the unitary group. In such a way, it is obtained a classification in 12 basic
classesWi (i = 1, 2, . . . , 12) with respect to F1. Bearing in mind the above remarks
we can use the same classification for almost contact metric manifolds.
The class W0 of cosymplectic manifolds is contained in any other class. There
are 212 classes at all. Some of these classes are discovered before the complete
MANIFOLDS WITH ALMOST CONTACT 3-STRUCTURE AND METRICS OF HN-TYPE 3
classification and they are known by special names. For example, W2 ⊕ W4 is
the class of quasi-Sasakian manifolds, W3 ⊕ W5 is the class of quasi-Kenmotsu
manifolds, W2 ⊕W3 is the class of trans-Sasakian manifolds of type (α, β) and so
on.
Bearing in mind (2.2), we establish that the covariant derivatives of the funda-
mental tensors with respect to ∇ are related by
(2.4) F1(x, ϕ1y, ξ1) = − (∇xη1) (y) = g (∇xξ1, y) .
3. Almost contact B-metric manifolds
Let M be equipped with another almost contact structure (ϕ2, ξ2, η2). The
metric g is called a B-metric on this almost contact manifold if it obey the following
relations:
(3.1)
g(ξ2, ξ2) = 1, η2(x) = g(ξ2, x),
g(ϕ2x, ϕ2y) = −g(x, y) + η2(x)η2(y).
In this case (ϕ2, ξ2, η2, g) is called an almost contact B-metric structure on M [7].
Since g is a Norden metric with respect to the almost complex structure ϕ2 on
the contact distribution H2 = ker(η2), any B-metric can be considered as an odd-
dimensional counterpart of the corresponding Norden metric, or the B-metric is
a pseudo-Riemannian metric of Norden type on an odd-dimensional differentiable
manifold.
A classification of the almost contact B-metric manifolds is given in [7]. There,
it is considered the vector space of the fundamental tensors of type (0, 3) defined
by F2(x, y, z) = g ((∇xϕ2) y, z) and having the properties
(3.2)
F2(x, y, z) = F2(x, z, y)
= F2(x, ϕ2y, ϕ2z) + F2(x, ξ2, z) η2(y)
+ F2(x, y, ξ2) η2(z).
This vector space is decomposed in 11 orthogonal and invariant subspaces with
respect to the action of the structural group (GL(m;C) ∩ O(m,m)) × 1, m =
1
2 (dimM−1), where O(m,m) is the pseudo-orthogonal group of neutral signature.
Thus, it is obtained a classification in 11 basic classes Fi (i = 1, 2, . . . , 11) with
respect to F2.
The intersection of the basic classes is the special class F0 determined by the
condition F2 = 0. This is the class of cosymplectic B-metric manifolds.
From (2.2), we obtain the following relations between the covariant derivatives
of the fundamental tensors with respect to ∇:
(3.3) F2(x, ϕ2y, ξ2) = (∇xη2) (y) = g (∇xξ2, y) .
4. Manifolds with almost contact HN-metric 3-structure
Let (M, ϕα, ξα, ηα) (α = 1, 2, 3) be a manifold with an almost contact 3-struc-
ture, i.e. M is a (4n + 3)-dimensional differentiable manifold with three almost
contact structures (ϕα, ξα, ηα) (α = 1, 2, 3) consisting of endomorphisms ϕα of the
tangent bundle, Reeb vector fields ξα and their dual contact 1-forms ηα satisfying
the following identities:
(4.1)
ϕα ◦ ϕβ = −δαβI + ξα ⊗ ηβ + ǫαβγϕγ ,
ϕαξβ = ǫαβγξγ , ηα ◦ ϕβ = ǫαβγηγ , ηα(ξβ) = δαβ ,
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where α, β, γ ∈ {1, 2, 3}, I is the identity on the algebra X(M), δαβ is the Kronecker
delta, ǫαβγ is the Levi-Civita symbol, i.e. either the sign of the permutation (α, β, γ)
of (1, 2, 3) or 0 if any index is repeated.
In this section we discuss the coherence of compatible metrics and B-metrics in an
almost contact 3-structure. In [11], it is considered the case of a Riemannian metric
which is compatible by equations (2.2) for the three almost contact structures.
Suppose that M admits two almost contact structures (ϕα, ξα, ηα), (α = 2, 3).
If a pseudo-Riemannian metric g is a B-metric for the both structures, then the
property in the first line of (4.1) implies the properties in the second line of the
same equations.
In [11] for the case of Riemannian metrics (positive definite), it is proved that if
the almost contact 3-structure admits two almost contact metric structures, then
the third one is of the same type. We consider the relevant cases for our investiga-
tions in the following theorem.
Theorem 4.1. Let M admit an almost contact 3-structure (ϕα, ξα, ηα), (α = 1, 2,
3) and a pseudo-Riemannian metric g. If one of the three structures (ϕα, ξα, ηα, g)
is an almost contact B-metric structure, then other two ones are an almost contact
metric structure and an almost contact B-metric structure.
Proof. First we establish onM that if the pseudo-Riemannian metric g and two of
the almost contact structures generate:
(i) two almost contact metric structures, then the third one is an almost con-
tact metric structure;
(ii) two almost contact B-metric structures, then the third one is an almost
contact metric structure;
(iii) an almost contact metric structure and an almost contact B-metric struc-
ture, then the third one is an almost contact B-metric structure.
Now, we argue for the case (ii). Let (ϕ2, ξ2, η2, g) be an almost contact B-metric
structure, i.e. (3.1) holds. Moreover, (ϕ3, ξ3, η3, g) be also an almost contact B-
metric structure, i.e. the following properties are valid
(4.2)
g(ξ3, ξ3) = 1, η3(x) = g(ξ3, x),
g(ϕ3x, ϕ3y) = −g(x, y) + η3(x)η3(y).
Then, by virtue of ϕ1 = ϕ2 ◦ ϕ3 − ξ2 ⊗ η3, η2 ◦ ϕ2 = 0 and η2 ◦ ϕ3 = η1, which are
consequences of (4.1), and using (3.1) and (4.2), we obtain
g(ϕ1x, ϕ1y) = g
(
ϕ2(ϕ3x)− η3(x)ξ2, ϕ2(ϕ3y)− η3(y)ξ2
)
= g(x, y) + η1(x)η1(y).
Therefore, comparing with (2.2), the metric g is a compatible metric with respect
to the almost contact structure (ϕ1, ξ1, η1).
The verifications of the other cases are similar. 
Since any compatible metric and any B-metric on an almost contact manifold
M are metrics corresponding to a Hermitian metric and a Norden metric on the
corresponding almost complex manifold M× R (or on the corresponding contact
distribution H = ker(η)), respectively, we said that the compatible metric and the
B-metric are metrics of Hermitian type and Norden type onM, respectively. Then,
we give the following
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Definition 4.2. We call a pseudo-Riemannian metric g a metric of Hermitian-
Norden type (in short an HN-metric) on a manifold with almost contact 3-structure
(M, ϕα, ξα, ηα), if it satisfies the identities
(4.3) g(ϕαx, ϕαy) = εαg(x, y) + ηα(x)ηα(y), α = 1, 2, 3
for some cyclic permutation (ε1, ε2, ε3) of (1,−1,−1). Then, (ϕα, ξα, ηα, g) we call
an almost contact HN-metric 3-structure.
Let us suppose for the sake of definiteness that
(4.4) εα =
{
1, α = 1;
−1, α = 2, 3.
As a sequel of (4.3) we have the following properties for all α = 1, 2, 3:
(4.5) ηα = −εαξαy g,
(4.6) g(ϕαx, y) = −εαg(x, ϕαy).
Bearing in mind (4.6), we deduce the following. In the case α = 1, the associated
tensor field of type (0, 2) is a 2-form. Let us denote it by g˜1, i.e. g˜1(x, y) = g(ϕ1x, y).
It is actually opposite to Φ(x, y) = g(x, ϕ1y), known as the fundamental 2-form of
the almost contact metric structure. In other two cases α = 2 and α = 3, the tensor
(0, 2)-field g(ϕαx, y) is symmetric as well as ηα⊗ ηα. Then, we define the following
fundamental tensor (0, 2)-fields by
(4.7) g˜α(x, y) = g(ϕαx, y) + ηα(x)ηα(y), α = 2, 3.
Therefore, g˜2 and g˜3 are also HN-metrics, which we call associated metrics to g
with respect to (ϕα, ξα, ηα) for α = 2 and α = 3, respectively.
Bearing in mind the structural groups of the almost contact 3-structures with
compatible metric ([11]) and the hypercomplex manifolds with HN-metric structure
([12]), we can conclude the following. The structural group of the manifolds with
almost contact HN-metric 3-structure is (GL(n,H) ∩ O(2n, 2n)) × O(2, 1), where
GL(n,H) is the group of invertible quaternionic (n×n)-matrices and O(p, q) is the
pseudo-orthogonal group of signature (p, q) for natural numbers p and q.
The fundamental tensors of a manifold with almost contact HN-metric 3-struc-
ture are the three (0, 3)-tensors determined by
(4.8) Fα(x, y, z) = g
(
(∇xϕα) y, z
)
, α = 1, 2, 3,
where ∇ is the Levi-Civita connection generated by g. They have the following
basic properties caused by the structures
(4.9)
Fα(x, y, z) = −εαFα(x, z, y)
= −εαFα(x, ϕαy, ϕαz) + Fα(x, ξα, z) ηα(y)
+ Fα(x, y, ξα) ηα(z).
The following associated 1-forms, defined as traces of Fα, are known as their Lee
forms :
(4.10)
θα(z) = g
ijFα(ei, ej, z), θ
∗
α(z) = g
ijFα(ei, ϕαej , z),
ωα(z) = Fα(ξα, ξα, z),
where gij are the components of the inverse matrix of the metric g with respect to
an arbitrary basis of the type {e1, e2, . . . , e4n+2, ξα}.
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The simplest case of the manifolds with almost contact HN-metric 3-structure
is when the structures are ∇-parallel, ∇ϕα = ∇ξα = ∇ηα = ∇g = ∇g˜α = 0, and
it is determined by the condition Fα = 0. We call these manifolds cosymplectic
HN-metric manifolds or manifolds with cosymplectic HN-metric 3-structure.
5. Relation with pseudo-Riemannian manifolds equipped with almost
complex or almost hypercomplex structures
We can consider each of the three (4n + 2)-dimensional distributions Hα =
ker(ηα), α ∈ {1, 2, 3}, equipped with a corresponding pair of an almost complex
structure Jα = ϕα|Hα and a metric hα = g|Hα , where ϕα|Hα , g|Hα are the restric-
tions of ϕα, g on Hα, respectively, and the metrics hα are compatible with Jα as
follows
(5.1)
hα(JαX, JαY ) = εαhα(X,Y ),
h˜α(X,Y ) := hα(JαX,Y ) = −εαhα(X, JαY ).
Obviously, in the cases α = 2 and α = 3 the metrics hα and their associated
(0, 2)-tensors h˜α are Norden metrics, whereas for α = 1 the structure (J1, h1)
is an almost Hermitian pseudo-Riemannian structure with a fundamental 2-form
Ω = −h˜1. In such a way, any of the distributions Hα for α = 2 or α = 3 can
be considered as a (2n + 1)-dimensional complex Riemannian distribution with a
complex Riemannian metric gCα = hα+h˜α
√−1 = g|Hα+g˜|Hα
√−1. In another point
of view, the distribution Hα for α = 2 or α = 3 is a (4n + 2)-dimensional almost
complex distribution with a Norden metric hα and its associated Norden metric
h˜α. Moreover, the 4n-dimensional distribution H = H1 ∩ H2 ∩ H3 has an almost
hypercomplex structure (J1, J2, J3), i.e. J
2
α = −I, J3 = J1J2 = −J2J1, Jα = ϕα|H ,
with a pseudo-Riemannian metric h = g|H which is Hermitian with respect to J1
and a Norden metric with respect to J2 and J3 since h(JαX, JαY ) = εαh(X,Y ),
α = 1, 2, 3.
Let the vector 4n-tuple
(e1, . . . , en; J1e1, . . . , J1en; J2e1, . . . , J2en; J3e1, . . . , J3en)
be an adapted basis (or a Jα-basis) of the almost hypercomplex structure. Then,
according to (4.3), the basis
(5.2) (e1, . . . , en;ϕ1e1, . . . , ϕ1en;ϕ2e1, . . . , ϕ2en;ϕ3e1, . . . , ϕ3en; ξ1, ξ2, ξ3)
is an an adapted basis (or a ϕα-basis) for the almost contact 3-structure and it is
orthonormal with respect to g, i.e.
(5.3)
g(ei, ei) = εαg(ϕαei, ϕαei) = −εαg(ξα, ξα) = 1,
g(ei, ej) = g(ei, ϕαei) = g(ei, ϕαej) = g(ei, ξα) = g(ϕβei, ξα) = 0
for arbitrary i 6= j ∈ {1, 2, . . . , n} and α, β = 1, 2, 3.
It is well known that an even-dimensional almost complex manifold (N, J, h)
endowed with a compatible Riemannian metric, i.e. h(JX, JY ) = h(X,Y ), is an
almost Hermitian manifold. There are considered also almost pseudo-Hermitian
manifolds, i.e. the case when h is a pseudo-Riemannian metric with the same com-
patibility (cf. [17]). We recall that (N, J, h) equipped with a pseudo-Riemannian
metric of neutral signature satisfying the identity h(JX, JY ) = −h(X,Y ) is known
as an almost complex manifold with Norden metric [18, 4], a generalized B-manifold
[9], an almost complex manifold with B-metric [5] or an almost complex manifold
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with complex Riemannian metric [13, 16, 6]. In the case when the almost complex
structure J is parallel with respect to the Levi-Civita connection ∇h of the metric
h, i.e. ∇hJ = 0, then the manifold is known as a Ka¨hler-Norden manifold, a Ka¨hler
manifold with B-metric or a holomorphic complex Riemannian manifold. Then the
almost complex structure J is integrable and the local components of the complex
metric in holomorphic coordinate system are holomorphic functions.
From another point of view, it is well known the notion of the almost hyper-
complex manifold with Hermitian metric (cf. [1]). The case when the metric is
pseudo-Riemannian of neutral signature where one of the almost complex structures
acts as an anti-isometry is considered in [8, 12, 15]. Then the almost hypercom-
plex structure (J1, J2, J3) and the metric h generate two almost complex structures
with Norden metrics (e.g., for α = 2, 3) and one almost complex structure with
Hermitian pseudo-Riemannian metric (e.g., for α = 1) because of (5.1).
The manifolds with almost contact HN-metric 3-structure can be considered as
real hypersurfaces of an almost hypercomplex HN-metric manifold. In [8] it is
proved that every almost hypercomplex HN-metric manifold with parallel almost
complex structures is flat.
In case of cosymplectic HN-metric manifolds the distribution H is involutive.
The corresponding integral submanifold is a totally geodesic submanifold which
inherits a holomorphic hypercomplex Riemannian structure and the manifolds with
almost contact HN-metric 3-structure is locally a pseudo-Riemannian product of a
holomorphic hypercomplex Riemannian manifold with a 3-dimensional Lorentzian
real space.
6. Curvature properties of manifolds with almost contact
HN-metric 3-structure
A tensor L of type (0, 4) with the properties:
(6.1)
L(x, y, z, w) = −L(y, x, z, w) = −L(x, y, w, z),
L(x, y, z, w) + L(y, z, x, w) + L(z, x, y, w) = 0
is called a curvature-like tensor.
We say that a curvature-like tensor L is a Ka¨hler-like tensor on a manifold with
almost contact HN-metric 3-structure when L satisfies the properties:
(6.2) L(x, y, z, w) = εαL(x, y, ϕαz, ϕαw).
Using (4.1) and (4.3), we obtain that for a Ka¨hler-like tensor L the following prop-
erties are valid
(6.3)
L(x, y, z, w) = εαL(x, ϕαy, ϕαz, w) = εαL(ϕαx, ϕαy, z, w)
L(ξα, y, z, w) = L(x, ξα, z, w) = L(x, y, ξα, w) = L(x, y, z, ξα) = 0.
These properties show that if L is a Ka¨hler-like tensor on a manifold with almost
contact HN-metric 3-structure then L is a Ka¨hler-like tensor on (H, Jα = ϕα|H , h =
g|H) which is a manifold with almost hypercomplex HN-metric structure. It is
known from [14] that every Ka¨hler-like tensor vanishes on an almost hypercomplex
HN-metric manifold. Therefore, it is valid the following
Proposition 6.1. Every Ka¨hler-like tensor vanishes on a manifold with almost
contact HN-metric 3-structure.
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Let R be the curvature tensor of the Levi-Civita connection ∇ generated by g.
It is defined as usual by R(x, y)z = [∇x,∇y] z −∇[x,y]z. The corresponding (0, 4)-
tensor, denoted by the same letter, is determined by R(x, y, z, w) = g (R(x, y)z, w).
According to [8], every hyper-Ka¨hler HN-metric manifold is flat. Since R is a
Ka¨hler-like tensor on every manifold with cosymplectic HN-metric 3-structure, i.e.
∇ϕα = 0 for all α = 1, 2, 3, then applying Proposition 6.1 we obtain
Proposition 6.2. Every manifold with cosymplectic HN-metric 3-structure is flat.
7. Examples of manifolds with almost contact HN-metric
3-structure
7.1. A real vector space with contact HN-metric 3-structure. Let V be
a real vector space of dimension (4n + 3) and a (local) basis of V is denoted by{
∂
∂xi
; ∂
∂yi
; ∂
∂ui
; ∂
∂vi
; ∂
∂a
, ∂
∂b
, ∂
∂c
}
, i = 1, 2, . . . , n. Every vector z of V is represented
in the mentioned basis by its coordinates z(xi; yi;ui; vi; a, b, c). Then, we consider
(7.1)
ϕ1z(−yi;xi; vi;−ui; 0,−c, b), η1(z) = a, ξ1 = ∂∂a ,
ϕ2z(−ui;−vi;xi; yi; c, 0,−a), η2(z) = b, ξ2 = ∂∂b ,
ϕ3z(v
i;−ui; yi;−xi;−b, a, 0), η3(z) = c, ξ3 = ∂∂c .
Definition 7.1. A structure (ϕα, ξα, ηα), α = 1, 2, 3 on V is called a contact 3-
structure on V .
Let us introduce a pseudo-Euclidian metric g of signature (2n + 2, 2n + 1) as
follows
(7.2) g(z, z′) =
n∑
i=1
(
xix′i + yiy′i − uiu′i − viv′i)− aa′ + bb′ + cc′,
where z(xi; yi;ui; vi; a, b, c), z′(x′i; y′i;u′i; v′i; a′, b′, c′) ∈ V , i = 1, 2, . . . , n. This
metric satisfies the following properties
(7.3) g(ϕαz, ϕαz
′) = εαg(z, z
′) + ηα(z)ηα(z
′).
Let ∇ be the Levi-Civita connection of g. We check immediately that ∇ϕα = 0
and therefore we get the following
Proposition 7.2. The space (V , ϕα, ξα, ηα, g) is a manifold with cosymplectic HN-
metric 3-structure.
7.2. A time-like sphere with almost contact HN-metric 3-structure. It is
known that any real hypersurface of an almost hypercomplex manifold carries in a
natural way an almost contact 3-structure.
In a similar way it can be shown that on every real nonisotropic hypersurface of
an almost hypercomplex HN-metric manifold there arises an almost contact HN-
metric 3-structure.
Let R4n+4 =
{(
xi; yi;ui; vi
) | xi, yi, ui, vi ∈ R, i ∈ {1, 2, . . . , n + 1}} be a vec-
tor space of dimension 4n + 4 with an almost hypercomplex structure (J1, J2, J3)
determined as follows [8]
J1z(−yi;xi; vi;−ui), J2z(−ui;−vi;xi; yi), J3z(vi;−ui; yi;−xi)
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for an arbitrary vector z(xi; yi;ui; vi). This space is equipped with a pseudo-Eu-
clidean metric of neutral signature, i.e. (2n+ 2, 2n+ 2), by
g(z, z′) =
n+1∑
i=1
(
xix′i + yiy′i − uiu′i − viy′i)
for arbitrary z(xi; yi;ui; vi), z′(x′i; y′i;u′i; v′i) ∈ R4n+4.
Identifying an arbitrary point p ∈ R4n+4 with its position vector z, we study the
following hypersurface of R4n+4.
Let S : g(z, z) = −1 be the unit time-like sphere of g in R4n+4. Then z coincides
with the unit normal N to the tangent space TpS at p.
For α = 1, 2, 3 we determine the Reeb vector fields by the equalities ξα = λα ·N+
µα ·JαN , such that g(N, ξα) = 0 and g(ξα, ξα) = −εα. We substitute g(N, JαN) =
tanψα for ψα ∈
(−pi2 , pi2 ). Then we obtain
ξα = sinψα ·N + cosψα · JαN.
Since g(N, J1N) = 0 then ψ1 = 0 and therefore ξ1 = J1N . Because of g(N, ξα) = 0
we have that ξα are in TpS. The conditions g(ξα, ξβ) = 0 for α 6= β are equivalent
to ψ2 = ψ3 = 0. Therefore we obtain for all α
(7.4) ξα = JαN.
Using the latter equality and JαJαN = −N , we obtain that Jαξα = −N .
We define the structure endomorphisms ϕα (α = 1, 2, 3) and the contact 1-forms
ηα in TpS by the following orthonormal decomposition of Jαx for arbitrary x ∈ TpS
(7.5) Jαx = ϕαx− ηα(x) ·N,
i.e. ϕαx is the tangent component of Jαx and −ηα(x)N is the corresponding normal
component. By direct computation (7.5) implies (4.1). Then, using (7.4), we obtain
(4.3) and (4.5). Thus we equip the unit time-like sphere S in R4n+4 with an almost
contact HN-metric 3-structure (ϕα, ξα, ηα, g).
Let ∇¯ and ∇ be the Levi-Civita connections of the metric g in R4n+4 and S,
respectively. Since ∇¯ is flat, the formulas of Gauss and Weingarten have the form
(7.6) ∇¯xy = ∇xy + g(x, y)N, ∇¯xN = x.
Therefore one can obtain by (7.4), (7.5) and (7.6) that
∇xξα = ϕαx, Fα(x, y, ξα) = −g(ϕαx, ϕαy).
Then, for the Lee forms we have
θα(ξα) = 4n+ 2, θ
∗
α(ξα) = 0, ωα = 0.
Finally, we get
(7.7) Fα(x, y, z) = −g(ϕαx, ϕαy)ηα(z) + εαg(ϕαx, ϕαz)ηα(y).
In the case α = 1, the equality (7.7) takes the form
F1(x, y, z) = −g(x, y)η1(z) + g(x, z)η1(y),
i.e. by virtue of (4.3), (4.4), (4.5) and (4.8), we have
(∇xϕ1)y = g(x, y)ξ1 − g(ξ1, y)x.
According to [3, Theorem 6.3], the latter equality is a necessary and sufficient
condition for a Sasakian manifold.
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Similarly, in the case α = 2 or α = 3, from (7.7), according to [10, Theorem 3.3],
we get a necessary and sufficient condition for a Sasaki-like almost contact complex
Riemannian manifold.
We recall that a Sasakian manifold (respectively, a Sasaki-like almost contact
complex Riemannian manifold) is defined as an almost contact metric manifold
(respectively, an almost contact B-metric manifold) which complex cone is a Ka¨hler
manifold (respectively, a Ka¨hler-Norden manifold) (cf. [3], [10]).
Thus, we obtain the following
Proposition 7.3. The manifold (S, ϕα, ξα, ηα, g) is:
(i) a Sasakian manifold for α = 1;
(ii) a Sasaki-like almost contact complex Riemannian manifold for α = 2, 3.
In [7], it is considered a unit time-like sphere with almost contact B-metric
structure and it is proved that it belongs to the class F4 ⊕ F5, the analogue of
trans-Sasakian manifold of type (α, β).
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